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1 Introduction

This technical annex provides a detailed treatment of the derivation of the model used in
‘Evaluating and estimating a DSGE model for the United Kingdom’. In Section 2 we set out the
structure of the model in detail. In Section 3 we solve for the steady state of the model and in
Section 4 we present the linearised model.

2 Model derivation

We model a small open economy inhabited by a continuum of infinitely lived households,
indexed by j along the interval [0,1], as well as firms, indexed by ¢ along the interval [0,1].
Households own all capital in the economy and rent it out to the production sector. The total
supply of capital services on the rental market is determined by the capital accumulation and
utilisation decision of households. Households also supply labour services to firms and we
assume that each household specialises in the supply of only one type of labour and that there are
equal number of households supplying each type. Monopolistically competitive households set
wages in staggered contracts with timing like that in Calvo (1983). Household preferences
exhibit habit formation in consumption. Households have access to a complete set of
state-contingent claims, which insure them at the domestic level, as well as risk-free nominal
bonds issued by foreign governments. We assume that agents must pay fees to domestic financial
intermediaries in order to hold foreign bonds. Firms are composed of producers and bundlers.
Each monopolistically competitive producer produces a single differentiated intermediate good
using capital and labour. ‘Bundlers’ combine these intermediate goods with imported
intermediate goods to produce final goods which they sell domestically and abroad. Firms
engage in local currency pricing (LCP) and invoice exports in foreign currency. We assume that
adjusting nominal prices is costly by introducing Rotemberg (1982) type price adjustment costs.

2.1 Households

All individuals within a country have identical preferences over a real consumption index, ¢,
hours worked, h;, and real money balances, M ON;/PC; (where M ON; denotes nominal money
holdings and PC; is the consumer price index, to be shown later. A typical household j
maximises lifetime utility which is separable in its three arguments and defined as:

}OO: po 0% Cigr(f) et NS APEAES 1 0% MONy,(j) e

E —— e — oh h r oh mon\ e oc ,

trOB{UC_l[C;ﬂ:ab_l] (/{ ) Uh+1[ = <])] +(KI ) Uc_l[ PCtJrr ] }
(1)

where F; is the rational expectations operator, 0 < 3 < 1 is the subjective discount factor. The
parameter k™°" > 0 is the utility weight of money balances in overall utility while the parameter
k" > 0 is the weight of disutility from labour supply. When the parameter 1" > 1 household
preferences allow for (external) habit formation in consumption. The parameter c¢ > 0 is the
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elasticity of intertemporal substitution in consumption (and money balances) and the parameter
o > 0 is the elasticity of intertemporal substitution in labour supply.!

In each period, household j’s expenditure on consumption and investment goods and asset
accumulation must equal its disposable income:

PCyey(j) + PLI(j) + MON,(j) — MON;_1(j) + Eupyy1,Bi(§) — Bia(5) + E;%(J)
t
—BF_ . ~ N 1 . . .
_(1 + Tft—1) t 1(]) — Wtht(]) + Rtkf(j) + / Hi’(j,z)d@ — PC,1,
ER, 0
Y BE(j)
— X_ t\J _ $s\2

Asset accumulation consists of increases in money holdings, increases in acquisition of domestic
state-contingent claims, and increases in foreign asset holdings. B,(j) denotes the quantity of
state-contingent claims purchased by the household in period ¢ to be delivered in each state of the
subsequent period. p, , represents the period ¢ price of a state-contingent claim that will pay
one unit of currency in a particular state of nature in period ¢ 4+ 1 divided by the probability of
occurrence of that state given information available in period ¢. B;_1(7) is the value of the
household’s claims given the current realisation of the state of nature. BF;(j) stands for the
value of foreign nominal bonds acquired by the household in period ¢ and E R, is the time-¢
nominal exchange rate. An increase in E R, reflects an appreciation of the domestic currency.

7 fi_1 is the nominal rate of interest on holdings of foreign assets between ¢-1 and ¢t and BF; ()
denotes the value of such assets purchased by the household in period ¢-1. The remaining terms
in the budget constraint are household’s consumption expenditure, PCyc;(j), purchase of
investment goods, PI;1;, labour income, W;h,(j), rental income from the supply of capital
services to firms, Rk (j), aggregate profits received from firms, where I} (j, ¢) denotes the profit
of firm 7 received by household j, total lump-sum tax/transfer payments, PC;7;(j), which in
equilibrium are equal to government spending, g;, less the seignorage revenue of the
government,” the per-capita cost of holding foreign bonds in excess of the steady-state value,
PC’tXbe ( PBCTZS% — nfa*)?, and finally the rebate given to the household by the financial
intermediary, PC,I";, which in equilibrium is equal to the cost of holding foreign bonds.
Following Ghironi and Melitz (2005) we assume that agents must pay fees to domestic financial

intermediaries in order to hold foreign bonds. These fees are quadratic in the deviation of the real
stock of bonds from their steady-state value. Financial intermediaries are then assumed to rebate
the revenues from bond-holding fees to domestic households. Here, international assets markets
are incomplete as only nominal government bonds can be traded across countries. As argued by
Ghironi and Melitz (2005), in the absence of the cost of holding bonds, the incomplete market
assumption would imply that the steady-state net foreign assets would be indeterminate and that
the model would be non-stationarity. Adding the cost of holding bonds pins down the steady
state and ensures mean reversion in the long run.

"Notice that o is also the inverse of the coefficient of relative risk aversion and o is the labour supply elasticity.

2Since Ricardian equivalence holds in our set-up we can assume that government runs a balanced budget each period.
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2.1.1 The composite consumption good and demands

The composite consumption index of household j is a standard constant elasticity of substitution
(CES) function of domestic and foreign consumption subindices:

a(j) = /UL = 9")(ch(5)) o + ™ (emu(j)) - 71, 3
where ch;(j) is an index of consumption of domestic goods, c¢m;(7) is an index of consumption
of imported goods, and ¢ is a parameter. The parameter 0 < )" < 1 represents the expenditure
weight of imported consumption goods in the aggregate consumption index and is (inversely)
related to the degree of Home bias in preferences. The parameter o™ > 1 is the elasticity of
substitution between domestic and foreign final consumption goods. The price index associated
with the minimum expenditure needed to purchase a unit of the composite consumption index
given the price indices of domestic and imported goods is then:

1 myo™ —gm myo™ 1 1
PCy = —[(1— ™) (PH)' ™" + ()" (PMy) "], )
where P H, is price index for goods produced at Home and P M/, is the price index for imported
goods, both expressed in domestic currency. We choose our numeraire to be the composite
consumption index and we define relative prices in relation to PC};. That is for any price P X,
the relative price, denoted by px,, is given by PX,/PC}. Then, (4) can be rewritten as:

= (1= ™) ph) =" 4+ () () ®

Consumption and price indices of domestic goods. Household j’s domestic consumption index,
which aggregates over all available goods (or brands), and the corresponding domestic price are
given by the following CES functions:

' Moy gkt
(i) = [ (el ail o
0
! 1
phy = | / (phy(3))' =" di] =7, -
0

where ch,(j, 1) denotes the consumption of household j of brand i produced domestically and the
parameter 0* > 1 is the elasticity of substitution among domestically produced brands.

Consumption and price indices of imported goods. Household j’s import consumption index,
which aggregates over all available foreign brands according to an analogous CES function, is
given by:

amb 1 a,mb

emy(7) = [/0 (ecmy(j,i)) o™ di]om-1, (8)

where c¢m;(j, ) is consumption by household j of an imported good 7 and the parameter o™ > 1
is the elasticity of substitution among imported brands. And the corresponding import price

index is:
1

1
pmy = | / (pmy(3))="" di] =77 9)
0
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where pm,(7) is the domestic price of an imported good i.

Demand for domestic and imported goods. The optimal allocation of expenditure across
domestic and imported brands yields the following demand functions:

pha(i)

chi(jii) = (=)™ ehu(i) (10)
(i) = (o), an

Using equations (10) and (11) one can show that the total expenditure of household j on
domestic goods consumption is fol phy(i)che(j,i)di = phychy(j) and on imported good
consumption it is fol pm(1)emy (5, 4)di = pmgemy(j).

Finally, the optimal allocation of expenditure between domestic and imported goods implies:

chi(j) = (1—¢’”>"”(pht)‘“”<;jt)% (12)
ema(5) =<ww”@m»#}§$%m (13)

The total consumption expenditure of household j is given by ¢;(j) = pmyemy(j) + phichi(j).

2.1.2 Capital utilisation and accumulation

Each firm i rents capitals services, k7 (j), from household j at the real rental rate r;. The capital
services supplied by household j, which depends on utilisation decision of households and
accumulated capital, is given by:

ki (7) = ze(5)ke-1(5), (14)

where z;(7) denotes the utilisation rate of capital by household j and k;_;(j) is the stock of
physical capital previously accumulated by the household. As the equation shows, the capital
used in the current period must be installed in the previous period but the household, in the short
run, can choose the intensity with which it is used. However, setting a higher utilisation rate
incurs real costs due to increased wear and tear. This utilisation cost is defined below:

85 0) = O~ k() s)

where we set the steady-state utilisation rate to 1 (see Christiano, Eichenbaum and Evans (2005)).
This implies that in the long run only increases in physical capital can generate more output.

The physical capital stock the household owns evolves over time according to the following
equation:
k(7) = L) + (1 = )k (7) — AF(G) = AF(), (16)
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where 0 < § < 1 is the depreciation rate of capital stock and A¥ () is the real cost associated
with a change in capital stock and is defined as:
. ke_1\ek .
pgy = X ) = G kA )
Equation (16) tells us that today’s investment will increase the capital stock carried over to the

next period, while any costs associated with changing the utilisation rate and level of capital
stock will decrease the capital stock carried over to the next period.

17)

Composite investment good. Household j can augment its existing physical capital stock by
purchasing a composite investment good, /;(j). For simplicity, we assume that there are no
imported investment goods and that composite investment good is produced in the same way as
the domestic consumption good. The index of investment goods consumed by household j
aggregates over all domestic brands according to an analogous CES function:

o_hb71 o.hb

LG) =1 / (1. 1)) o di] 57 18)

So the unit price of the composite investment good and the unit price of the composite

consumption good will be the same (PI; = P H;) since they are both produced using the same

technology. The optimal allocation of investment expenditure across Home will yield an

analogous demand function:

phe(i)
phy

L(j.i) = ( )" L), (19)

where [;(7, 1) is the consumption by household j of good i for investment purposes.

2.1.3 Optimal wage-setting

Following Erceg, Henderson and Levin (2000), we assume that each household j supplies a
differentiated labour input to the production sector. The labour index, which aggregates over all
available labour type, has the CES form:

1
. oW1 . _o¥%
o= ([ () 47 @)
0
where the parameter 0" > 1 is the elasticity of substitution among labour services. The
aggregate nominal wage index associated with the minimum cost needed to hire a unit of the
composite labour given each household’s wage rate is given by:

1
W= ([ ) e
0
Hence, each household j faces a downward-sloping demand curve for its own labour.
o W) e
h = [—=]77 hy. 22
+(J) [ W, ] t (22)

Households set (nominal) wages in staggered contracts as outlined in Calvo (1983). In particular,
a constant fraction of households (1)) can renegotiate their wage contracts in each period. The
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remaining fraction continues to supply labour services at the old wage rate. The average duration
of wage contracts is 1/¢" quarters. Whenever a household j has not reset its contract wage since
period ¢, then its wage rate in period t + r is adjusted by an indexation factor, &, , .. That is

Wit (J) = &1 +;VIZ( /). Here, Wt( ) denotes the optimal wage rate set in period ¢t and W, ;1 (j)
denotes the wage rate in period ¢ + r faced by a household that has set its wage rate at time ¢. The
expression for the indexation factor is given below.

o [ if r=0
R (O (e A AR (R

This expression implies that if a household who has set wages in period ¢ does not receive a
signal to update its wage at time ¢ + r its wage rate is increased in proportion with the weighted
average of the steady-state rate of (gross) inflation 1 4 p** and the lagged (gross) nominal wage
inflation. The parameter 0 < € < 1 is the weight attached to the latter. In any period ¢ in which
household j is able to reset its contract wage, W, (j), it aims to maximise the following
expression:

h h

e () 3, (23)

1 o

Etzﬁr )N, t+TWt( Nhisr(J) — (/{h)_fhah—_{_l

where )\ is the marginal utility of wealth (or the Lagrange multiplier for household j’s budget
constraint). Notice that A does not depend on j implying that households are homogeneous with
respect to wealth despite the fact that they work different hours and earn different wage rates.
This is due to the presence of state-contingent securities which ensures that, in equilibrium,
households are perfectly insured against income risk and therefore they are homogenous with
respect to wealth although they are heterogenous with respect to hours they work and wages they
earn (see Erceg et al (2000)). According to (23), the jth household aims to maximise the
discounted marginal utility from an additional unit of labour relative to its discounted marginal
disutility, in expected value terms assuming that it cannot reset wages again along the path. The
probability that this happens for r periods is given by (1 — ¢)*)". This problem has the following
first-order condition:

S Wi(d) |
0= E E "(1 =) A\ - IN—————5)"7 hpyr
t 5 t+ ft 4+ ( -0 )( Wier ) t+
é‘ TW oW QN N
+E, E B (1= ) "ot tt;Vt t( >) hir] 7 Wi(j) L
+r

We can rewrite the above first-order condition in terms of household’s wage rate relative to the
average wage index as:

EteerWey g0 Wilh) v
0= E E (1= ") A e 7 iy,
t 5 t+ gt t—l—'r‘( -0 )( Wt+r ) ( Wt ) t+
ftt+r”t w h+1 Wt() owa £l +1~ N—1
E E "(1—1 T hyyy| oh S Wi(g) .
+ t 5 ) o [( Wt+r ) t“l‘] ( Wt ) t(«])

As households that reset wages in period ¢ are identical, in that they face the same decision
problem, the optimal wage rate set at time ¢ will be the same for all of them. Then, the optimal
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nominal wage rate, Wt, the household can renegotiate is given by:

s Wiy 241
~1+op %(/{h)_ﬁow Ly Zjioﬁr(l—qu)r[(%) A

Wt ’ - Wta w .
w— oo T w\r w 5 5 rW —_ogw
4 1 By Zr:() g (1 - ) )‘t+r€t7t+r( tVt[;;rr t) Ptyr

After dividing both sides of the equation by P}, the optimal real wage rate w; is given by:

(24)

O B o (Iih>7vih0'w =

Wy ot — ’U}tgh —gw 1 9—;}7 (25)
where
—w G r w\T ggjt-ﬁ-TWt —o¥ ol
5 = Et;ﬁ (1—=9")"( Wio )7 higr] @
w 7” fw TW —oW%
0, = Etzﬁ ) PC A6 t{; t) Py

t+r

The above expression can be simplified further by noting that §;’,, . = &}, &/} ;. as follows:

_ chi1 w fftﬂwt _ow(elily
o= b7 81— )Et[—l’/VHl ] o ):t—l—l
O-thl 511) w dh+1
T 4 B(1— ) Byt e (g
27+ B =) t[1+wt+1] t+1
where
w 55\ 1—e? Wt ev 258\ 1—e? s e
St = (L477)7 (55—)7 = (1L 4+97)7 (L+w)",
t—1
where 1 + p; = P%C‘f denotes the rate of (gross) inflation in periodt Likewise,

1ty = i = (14 pr) 3%
period ¢. Similarly, we can derlve the following expression for ©}". Here, we also make use of

the definition Ay, = M\, PCy4 = Uc 14y, where A, is the real-valued Lagrange multiplier in

front of household j’s budget constraint (discussed further below). Then, we have

T

w = r w\r . — w gw TWt —o"
@t = Uc,tht + Et Z 5 (1 - ¢ ) H(l +pt+j) 1Uc,t+r€t,t+r(%) ht+?‘

w . —1ew 5“’ —o w
= Uciht + B(1 =) Ei(1 + Prya) 1€t,t+1[1_:i;1 1] SHEp
t+

Notice that when prlces are flexible, ie 1) = 1, then (25) collapses to

Wy = 5= (K"~ o h" U, This is the familiar labour/leisure relatlonshlp where

monopolistlcally competltlve households set wages as a mark-up, —7—, over marginal rate of

(where Un+ and U, ; denote the marginal utility of
leisure and consumption, respectlvely).3

1

| I
3 — (L h)” 2 _ 1 ct(d) 15
Unpe = (k") o hg" and Ue,s = Shab [ ==
C.

phab
t—1
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The nominal wage index in period ¢ satisfies:

1
w7 / (W) 7" dj
0

1 o~
— (1) / (€0 W ()" dj + " ()"
0
= (1 —9")(E, W) (W) (26)

where
Wi

e - (1 258\ 1—e® 1 s ew'
DT = (L) (L )

€1e = (1+0™) 7 (

The real wage index can then be written as:
i = (1 =y

w  Wi-1
ft—l,t 1 + pt

w

)l—ow+¢w(ﬁjt)1—o ) (27)

Equations (26) and (27) tell us that the aggregate wage index (nominal and real) at time ¢ is a
weighted average of newly set wages and the lagged wage index.

2.1.4  The household optimisation problem

A typical household j chooses ¢;(j), Bi(j), BFi(j), MON(5), 1t(3), Wi(4), ki (5), 2:(4), to
maximise its utility (1) subject to its budget constraint (2), its labour demand (22), and its capital
accumulation (16), for ¢t = 0, 1, ..., co. Below we present the first-order conditions from this
optimisation problem with the exception of the first-order condition with respect to 1W;(j) which
we have shown in Section 2.1.3.

The first-order conditions with respect to ¢;(j), B:(j), BF:(j), MON,(j) yield:

PC’t)\t - Uc,t(j) (2’8)

Ats1 1
E = F = 29
+[3 X\, ] tPt41,t 1+ g, (29)

)\t+1 ERt b BFt(.])
E 1 =1 == —nfa* 30
g i) = X (e —nfa”) (30)
A — EiBhiyi = Unont(4). (31)

A is the marginal utility of wealth (or the Lagrange multiplier for household j’s budget

constraint) as before. The variable rg; is the nominal rate of return on a bond purchased for one
unit of domestic currency at date ¢. The effective price of the bond at date ¢ (= ; +1Tgt) is equal to
the expected period ¢ price of a state-contingent claim that will pay one unit of domestic currency

in period ¢+1. The expressions for U, ;, the marginal utility of consumption, and Uj;on ., the
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marginal utility of holding money balances, are given below:

) 1 Ct(j) 1
Uc,t<J) - w}mb[ me]
Ci—1 Ci1

()=

,{mon ]

1—0°
Unmony(j) = PC." |
Let A, = PC, )\, be the real valued Lagrange multiplier. Notice that we introduced this notation

first in section 2.1.3. Then, (29) implies that:

Aia
E

where 1 + p;q = denotes the rate of (gross) inflation at time #+1.* In deriving (32) we
make use of the famlhar Fisher parity condition to link rg; and rrg;, where the latter is the real

1+7p 1
] ~ Et[ pt+1] _ , (32)
14+rg 14 rrg

Cf+1

rate of return on a bond that pays one unit of consumption under every state of nature at time ¢+1.
The first-order conditions (28) and (32) imply the familiar consumption Euler equation, which
links the marginal cost of foregoing a unit of current consumption to the expected marginal
benefit in the subsequent period:

Uet(j) = BE(L +179:)Uct11(5)- 33)
Notice that combining first-order conditions (29) and (30) yields:

1 + Tft ERt+1 BFt(j)
= F 1 —_— — . 34
1+ T gt K ERt [ X (ERtPCt nfa )] ( )
Together with the Fisher parity the above equation implies that:
1 bfi(y
+Trft o tht+1 [1_|_be( ft(]) _nfass)]7 (35)
L+rrg. qt qt
where ¢; = EREP Ct is the consumption-based real exchange (the price of Home consumption in

terms of foreign consumption) with PC'F; denoting the foreign consumer price index. An
increase in ¢; corresponds to a real appreciation, implying domestic goods are becoming
relatively more expensive. The variable bf,(j) = ?fg;ﬂt) is the holdings of real foreign bonds

acquired in period ¢ and (1 + 77 f;) is the real return in the rest of the world. Equations (34) and

(35) are the modified versions of the nominal and real uncovered interest rate parity (UIP)
conditions which say that, for agents to be indifferent between domestic and foreign bonds, the
nominal and real interest rate differentials must be equal to the nominal and real depreciation
adjusted for the cost associated with holding bonds. When x*/ = 0, equations (34) and (35)
collapse to the standard nominal and real UIP conditions.

The first-order condition (31) can be rewritten as:

Uei(d) = PClUnmons(j) + BE41] Uer+1()

(1 +pes1)”
This condition states that agents must be indifferent between consuming a unit of consumption
good at time-¢ or using the same amount to raise cash balances, enjoying the utility from money

4The approximation we use in expression (32) will not matter for our analysis since we solve a log linearised version of the model.
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holdings at period-t, and then converting the cash balances back to consumption in period ¢+1.
Equation (31) can further be arranged to yield a demand curve for real money balances of the

form: A
MON,(j)

N ___mon . gt —o¢
mony(j) = —PCt =K [Uc,t(J>(1 T Tgt>] . (36)

Hence, the demand for real money balances decreases with an increase in the short-term nominal
interest rate but increases with an increase in consumption.

The first-order condition with respect to ;(7), k:(j), and z;(j) yields:

() = phil 37)

OAE(j A 0Nz, (5)  OAF (5
phy(1 + Ok:(gj))) = 6Et%tl{rt+lzt+l(j)+pht+1(1_6_ al:&(;)_ aé:(lj-(;>)}(38)
re = phix*(z(5)7, (39)

where

OAEG) k() = (B k()

ok(j) — ~ ki1

ONY. 1 (4) v, ki WK () — (5 ) ke ()

s 2 AU/ - N

oG =X (=) m ]

AL () _ () 1

TonG) - T

The variable p is the Lagrange multiplier for the household’s capital accumulation equation.
Equations (37) and (38) determine the optimal path for the capital. Notice that equation (37) is
the equivalent of Tobin’s q: households increase their holdings of capital stock until the value of
a unit of capital, y,(7), equals to the replacement cost of capital, ph,;A;. Equation (38) states that
the value of unit of capital depends on expected future return as captured by the expected rental
rate times the expected rate of capital utilisation and expected future value taking into account
the depreciation rate and costs associated with capital utilisation and adjustment. Equation (39)
specifies the optimal rate of capital utilisation and states that the cost of increasing the utilisation
rate (cost of output) should equal the real rental price of capital services. Variable capital
utilisation smooths the response of the rental rate of capital, and hence the marginal cost, to
fluctuations in output.

As noted previously, since every household is perfectly insured against income risk at the
domestic level, the marginal utility of wealth is identical across households for all periods:

A (j) = A, VE. And since every household faces the same prices the first-order condition (37)
then implies f,(j) = p,, Vt. Further, since preferences are identical across all households,
consumption, investment, money and foreign bond holdings are also identical across all
households at all times: ¢;:(j) = ¢, I:(j) = I, BFi(j) = BF;, MON,(j) = MON,Vt. In
addition: 2z;(j) = z; and kK (j) = k7, Vt.
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2.2 Firms

All firms engage in LCP and invoice goods in the currency of the destination market. We assume
that firms face different (price) elasticities of demand for their products sold in domestic and
export markets. Hence, firms can price discriminate across markets.

Producers. There is a continuum of monopolistically competitive producers each supplying a
single differentiated intermediate good using capital and labour only. These inputs are then used
by bundlers in the production of final consumption goods which are then supplied to domestic
and export markets. We denote the output of a typical producer 7 used in the production of final
domestic goods by /(i) and that used in the production of final export goods by y&¥(i). The
value added of producer i, y! (i) = y (i) + y*(i), is given by a CES technology:

v ) = tfpl(1 = @) (e (0) 7 + alki ()7 ] (40)
t fp; is the economy-wide productivity level and o¥ > 0 is the elasticity of substitution between
capital and labour. The variable k(i) = fol k7 (j)dj is a measure of total capital services rented
by producer ¢ from households and /(%) is the hours of the aggregate labour index shown in (20)
hired by producer i from households. Solving the cost minimisation problem of the producer
yields the optimal relationship between capital and labour, the conditional factor demand
functions, and the marginal cost function of the producer:’

e
M) = (0wl o L )
K6 = (- w4 oot i @3)
me, = [(1—a)"w} ™" + a7y}~ tflpt’ (44)

Notice that producers share the same marginal cost of production: although these producers
differ in terms of their international invoicing practices, they use the same production technology,
they are subject to the same country-specific productivity shock t fp;, and face the same prices
for factors of production w; and r;.

Bundlers. Perfectly competitive bundlers combine inputs of domestic goods manufactured by
producers and inputs of imported goods purchased from overseas to produce final consumption
goods for both domestic markets, ", and export markets, 3¥. Bundlers use Leontief technology

Y Y 2 Y 1 v
3The total cost function of producer i is given by tc(wy, re, yP) (i) = reki (i) + wehe (i) = [(1 — a)"Jwtlf"J + a”yrtlﬁ”] T—o¥ %.
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to produce final goods:

hv h

o oYy miy
Yy = min{ prtE g /{hv} 45)

. . yx'u mi®
y; = min{~" —1, (46)

KTV ] — TV
where k" and k" are parameters and the variables mi} and mi® denote the indices of imported
inputs used to produce final consumption goods for domestic and export markets, respectively.
Further, the indices of domestic inputs used in the production of consumption goods are given by:

ohb

h ! ho oy Tl e
Yt = [/ (" (i) =™ di] "1
0

1 sz71 UIb
yo= | / (Y2 () " di) =71,
0

where the parameter o"® > 1 is the elasticity of substitution among intermediate goods used in
the production of domestic consumption brands and the parameter o*® > 1 is the elasticity of
substitution among intermediate goods used in the production of export brands. Solving the cost
minimisation problem yields the following:

I{h'u ygw
— 47
1— ghv mip “n
L - & (48)

1 — Ko may
me! = &k"phu 4+ (1 — &")pm, 49)
me; = o0 (1 — K*™)pmy, (50)

a

1 x . —1 .
where phv; = [fol (phv,(i))1 =" di) =" and prv, = [, (prv,(i))' =" di] == are the associated
price indices, where the latter is expressed in foreign currency.

2.2.1 Optimal price-setting

Producers. Producers can set one price for their products used in the production of domestic
goods and another for those used in the production of export goods. Producers incur costs
associated with adjusting nominal prices, and so prices are sticky in the short run. For
tractability, we assume price adjustment costs in the spirit of Rotemberg (1982). That is firms
will incur intangible price adjustment costs that do not affect their (economic) profits but enter
their maximisation problem. Rotemberg-type price adjustments costs implies that in equilibrium
producers will be identical in their price-setting behaviour. This is different to the Calvo
price-setting since in a Calvo setting only a portion of firms would change prices at any given
time. This then would lead to heterogeneity among firms in that, at any given time, firms would
produce different levels of output, would have different demand schedules for factors of
production, different levels of capital stock and rates of utilisation. Below, we introduce these
costs in greater detail.
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Total nominal profit at time ¢ of a producer ¢ from supplying to the domestic and export markets
is given by:

PXVFE. (1 . )
E—Rtt(z)yfv(z) —TCy(1), (51)

where T'Cy(i) = W;h(i) + R.k; (i) denotes the total nominal cost of production. We assume that
firms maximise the discounted flow of II} (i), where

I} (i) = 117 (6) — AP"(i) — AF(0), (52)
where the variables A”" (i) and A" (i), defined below, denote the (intangible) costs associated
with adjusting nominal domestic and export prices, respectively.

(i) = PHV; i)y (i) +

X" PI;{}{/W(i()')
AP () = 2| : o —12PHV,y". (53)
2 1+ pss)l—eh (TV::;)JL

Hence, the cost to the firm of adjusting prices is defined relative to the weighted average of
steady-state rate of (gross) consumer price inflation and the last period’s (gross) domestic
producer price inflation. The parameter ¢V is the weight attached to the latter. This structure
implies faster price movements are more costly to the firm. We also assume that the cost of price
adjustment increases in line with the aggregate revenue from supplying to the domestic market,
PHV,y", which is taken as proxy for the size of the sector.® When " = 0 prices are flexible.
And when " > 0, due to costs involved in adjustment, nominal prices will be sticky. Likewise,
the variable AL*(7) is defined as the cost associated with adjusting nominal export prices
expressed in domestic currency:

. PXVF(i)
sy = X0 Pxve) Py (54)
- . — TV PXVF;_ 1 €TV t >
2 (14 pre) = () ER,

where € is a parameter and (1 + p/**) denotes the steady-state (gross) consumer price inflation
rate in the rest of the world.

The producer chooses its domestic and export price to maximise its expected total discounted
profit flows:

PXVF,.,(i) ., . . .
PXVEGG) oo (1) TCyn (i) — AP () — AP ()],

Et Z ﬁr)‘t-‘rr [PH‘/;'FT(Z)yl{Z—ﬁT (2) + ERH_ t+r

r=0
subject to the production technology (equation (40)), price adjustment costs (equations (53) and
(54)) and the total domestic and export demand for its product (equations (55) and (56)). The
downward-sloping demand curve the producer faces in its domestic and export market is given

by: \ ()
hv( PRUT )\ _ohb  py
— 55
(i) = ( ph, ) Yy (35)
and
U [ brv i —otb zy
o) = (L)oo (56)

P

®In Ghironi (2002) the nominal price adjustment cost increases with firm revenue which is taken as a proxy for production size.
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where phv, = £ P%‘f and prv; = PXV;/PCy as usual. And PXV;, = PXV F;/ER, is the export

price expressed in domestic currency. The variable ) in the maximand is Home producer’s

discount factor (the marginal utility of wealth to the household). Finally, the firm takes the wage
rate, the rental rate of capital, and the aggregate price indices as given.

The maximisation problem with respect to the domestic price, phuv;(i), has the following
first-order condition:

hb)(phvt( ))ﬂrhb hv OTCy(3) _hv phve 4, hv( hv

0= (1-— oho, f+ 1)

YT PEV) N phu()?t S

A hv
hv t+1 PRV py cho
t /\t h ( )yt+1 t+1( t+1 )

where A, = PC} )\, as before. Using the demand function of the firm given above we can show
that:

OTCy(i)  ATCy(i) Oyt (4)
OPHV,(i) Oy ()8PHV2()
= mec(—o )(phvt() ot _Ue"

phuy phu(i)

In a symmetric equilibrium, the first-order condition yields the Home producer’s optimal pricing
equation as:
phvy = \If?”mct, (57)

which equates the unit price charged by the producer to the product of the marginal cost (equation
(44)) and a mark-up, U"*. As shown below, the mark-up depends on the firm’s output as well as
on today’s pricing decision and on current and future cost of adjusting the output price. That is:

\I/l];LU — O_hb{(o_hb . 1) + Xlw'r?v}—l’ (58)
and where
hv 13/

Yhe = ¢hviehv 4 3E A1 phogy t+15 gh

t t ( t ) t{ Ay phu, yt+1 t+1( t+1 T )}

~ Iw( hv+ 1) . 1 E{phvt+1 yt+1 hv (f )}
¢ (S e, pho, g, ot t+1 1

hv 1+ piw .

t (L4 p) = (L + pey )™
Consistent with our notation 1 + p}"" = F¥- = (1 + pt)pZZ:’il . YT reflects the firm’s incentive

to smooth prices over time. If x** = 0, that is if prices are fully flexible, then
Phv — ght (5"t — 1) collapses to the familiar constant elasticity mark-up. If ¥V # 0, then prices
are sticky and this will give rise to endogenous fluctuations of the mark-up.

The maximisation problem with respect to the export price, pzv.(i), has the following first-order
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condition:
o D20(0) o OTC,(i) ER, ., prv

0= (=" T OPXVEG) g Y paui)

At+1 PTU: yf—i-vl zv v 1
At vat@) yg;v t+l( t+1+ )

As before, using the export demand function given above, we can show that:

c &+

OPXVE() — oyp(i) OPXVEi)
B B o vat<2) _O_zb yfv
= me(—o™)( PTV; ERipxv (i)

In a symmetric equilibrium, the first-order condition yields the optimal export pricing equation

as:
prv, = Vi'me,. 59

The equation for the mark-up, W7, is given below:

\Ilfv — O_mb{(o_rb . 1) + XIUT?}}_I,

and where
TU1 Yii1
T2 = TV E t+1p t+ +
=G ) - AR (€ 1 1)
I prvg ?Jt+1
g v v 1 _
e+ - o AEE I (6 + 1)
o 1+vaf

t (1+pf35)1 €x1;(1+vaf)€:w

where 1 + p7f = v = (1+p )pif}if . Here, 1 + p; = ports denotes the (gross)

consumer price inflation in the rest of the world in period ?.

Bundlers. Bundlers are perfectly competitive. Thus, the (relative) price that bundlers charge for
their output sold in the domestic market, ph;, and in the export market, pz;, would be equal to
their respective (real) marginal cost of production shown in (49) and (50). That is

phy = K"phv, + (1 — £"™)pmy (60)
pr; = K"pxu,+ (1 — K" )pmy. (61)

Also, notice that the zero-profit condition of bundlers would imply that:

phy! = phuy! + pmymil! (62)
pryl = pruyl” + pmymiy. (63)

Finally, the total demand faced by bundlers supplying to the domestic market is given by:

1 1
/ chy(j)dj + / L(j)dj + g: = chy + I, + gi.
0 0
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The equality follows from symmetric equilibrium. We assume that the total export demand faced

by bundlers is given by: Gy

prfi
where the variable cf; is the aggregate (exogenous) export demand in the rest of the world and
the variable px f; denotes the (exogenous) index of world export prices (relative to PC'F}). The
elasticity of demand for Home exports is given the parameter o > 1.

)"t (64)

xy = K*(

2.3 Government budget constraint

In our set-up, Ricardian equivalence holds. Hence, without loss of generality, we can assume that
the government runs a balanced budget every period and that the issuance of domestic
government bond is zero in each period.” Then, in aggregate, total lump-sum tax/transfer
payments are equal to total government spending less the seignorage revenue of the government:

PCtTt = P-Htgt — (MONA7t - MONA7t_1).

Hence, we assume that the government adjusts taxes/transfers to ensure that its budget is
balanced every period.

2.4 Monetary policy rule

We assume that the central bank conducts monetary policy through changes in the interest rate.
The monetary policy reaction function is a ‘Taylor rule’ with smoothing:

1+ rg: Ltrgiygro, (LD o0, U \gvy1-gr0

1+7=gss - ( ]__|_7=gss ) {[(1 +pss)] (y”’”tfpt) } ’ (65)
where 7¢°*° is the steady-state level for the short-term nominal interest rate, y”** is the
steady-state level of output, and y"**t fp; is a simple measure of potential output. 8”7, 67, and #?

are parameters. We also assume that the central bank supplies whatever amount of money is
necessary to ensure that the above equation holds.

2.5 Market clearing conditions

We impose equilibrium market clearing conditions for the goods, money, labour, and capital
markets under the assumption that this equilibrium is symmetric (and we will retain this
assumption hereafter).

Goods market. In a symmetric equilibrium all producers charge the same unit price (hence
supply the same quantity) for their output consumed domestically as well as that consumed

7This is because in the presence of state-contingent claims the bond market is redundant. For a detailed discussion see Chapter 5 in
Obstfeld and Rogoff (1996).
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abroad. Likewise, bundlers charge the same unit price (hence supply the same quantity) for their
output sold in domestic markets as well as that sold in export markets. First, notice that the
output of producers must be purchased by bundlers:

yl =y + (66)

where quantities supplied to domestic (") and export markets (y**) satisfy the following:

hv h -h
Yo = Yy — MYy
Tv T -
Yo o = Yp —Miy.

Then we have:
i =y + i — (miy +miy) (67)

The supply of final domestic goods (y/") must satisfy domestic demand and likewise the supply of
final export goods (y;) must satisfy export demand:

Yyl = chy+ 1+ g (68)
Yy = 1y, (69)

where investment /; (measured inclusive of adjustment costs) is given by household’s capital
accumulation equation (16). Also notice that output of producers can be expressed as:

hv __ hv,  h
Yy = KR Y

v v, T
Y = K Y-

Putting this together implies that the market clearing condition becomes

yo= K"(chi+ I+ gi) + K7y (70)
= K"yl 4 K™Y (71)

Labour market. The capital market clearing condition requires that total labour services hired by
all firms equals to the total labour services supplied by all households at the wage rate set by
households.

Capital market. The capital market clearing condition requires that total capital services rented
by all firms equals to the total capital services supplied by all households.

Money market. The money market clearing condition simply requires that the supply of real
money balances should equal to the demand for real money balances. The nominal interest rate is
determined by the monetary policy rule and thus the money supply adjusts endogenously to meet
the money demand at the prevailing interest rate.

Financial and asset markets. At an equilibrium financial assets must be in zero net supply.
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2.6 Some international variables

Consumption-based real exchange rate. The (consumption-based) real exchange rate is defined
previously as units of domestic consumption per units of foreign consumption. That is:
PCER,

PCF,
A decrease in ¢, a real depreciation, implies that goods are becoming relatively more expensive
in the rest of the world.

qs =

The terms of trade. The terms of trade is defined as the price of the imported good relative to the
price of exported good, both in terms of Home currency:

pmt

Py

An increase in 7’07}, a worsening in the domestic economy’s terms of trade, implies that imports

ToTl, =

have become relatively more expensive than exports.

Import prices. It is assumed that import prices are set in domestic currency and in staggered
contracts as in Calvo (1983). That is, a fraction of import prices (¢)"") are reset each period. The
remaining fraction continues to charge the old price. Prices set by the remaining fraction of firms
are increased in line with a weighted average of the steady-state inflation rate and the lagged
import price inflation rate, where the parameter €™ denotes the weight attached to the latter:

if =0

m _
€t7t+7‘ - (1 +pss) m(%) f??t_i_r_l 1f r 2 1

In any period ¢ which the firm i is able to reset its price, PM;(7), it maximises the expected
discounted nominal profit flows assuming that this newly set price remains fixed along the path:

Ey Zﬁr —PP)IEL t+rPMt( i)emyy (i) — T0t+7'(.)]

cmyy (i) and TCY +T( i) denote total output demanded and nominal total costs firm ¢ faces at time

t + r, respectively.® And the probability that the firm’s price remains fixed for the next r periods

s (1 —¢"™)". Finally, note that the level of demand the monopolistically competitive firm i faces
at date ¢ + r is given by:

5?35+TPM15<Z) —gmb
TP, ) e

where c¢my, 1s the aggregate demand in the economy at time ¢ + 7.

cmyyr (i) = (

8Notice that the foreign firm’s discount factor does not appear in this equation. This is because, we do not explicitly model foreign agents
and their discount factor does not affect the dynamics of the linearised pricing equations.

BANK OF ENGLAND Technical Annex to Working Paper No. 380 March 2010 19



The maximisation problem has the following first-order condition:

& PM(i) s aTCy,, (i)
0= FE ) _ gmby(2bitrT TRV it 5 AT
t Zﬁ /l/} ( o )( PMt+7~ ) Cmt+ aPMt<Z) ]
Using the demand function of the firm given above we can show that:
aTOthrr (Z) _ aTthJrr (Z) acmt-ﬁ-r (Z)
OPM,(i) —  Ocmyy,(i) OPM,(i)
TCl, (i) 1 P PM(D) o
= [8 CHT@ ]<_me)(—£t,t+r a0 )~ b+1)0mt+r- (72)

30mt+r(l) PM;,, PM;,,

Let rmcl, (i) denote the real marginal cost of the foreign firm at time  + r, the first term in
squared brackets on the right-hand side of equation (72). Then, the first-order condition becomes:

Epr PM (1) | s

0= EtZﬁ —")[(1 = ™) Pl

CmtJrr]

+Etzﬁ”” — ") [0 rmel, (i)

We can rewrite this expression in terms of the firm’s price relative to the average price index as:

& PMy o PM(i) .,

) )" emaa]
PMy., PM, o

0= EtZﬁ* — P = o™
§her PM

)_(o.mb+1)<PMt(7;) )_(o.mb+1)
PMH—T’

+Et§jﬂ7" = ") o™ rmef . (i) B,

Cmt—l—r] .

Note that all firms that set prices at this date are identical. Thus, they will all charge the same
price and produce at the same level of output. If we further assume that firms purchase inputs in
competitive markets and employ constant returns to scale technology then the (real) marginal
cost is equal to the average cost and is identical across all firms. The optimal price of any firm
setting prices at time ¢ is then given by:

e PM;\_(,m
o By Ziio B(1 _Q/JPm)T[TmC{M( t};JJK/IHTt) (o b+1)cmt+r]

mb —_ oo T m\r 57}7’ ,,,PM —gm
7 1 B> o811 =) [(%) "My

Then, we can rewrite this equation in a simpler form as:

]/D\J\JLIPMt

O.mb —-m

PM, = PM -t
! fomb —10m

(73)

By = / 1 — P ﬁ (@™ +1)=m
= rme; cmy + 5( Y E, (1+pt+1) t+1

m m 6 —o™ m
OF = emi+ Bl =¥ B ) B,
t+1

and where
ey = (L4 p7) " (14 p)°
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Note that consistent with our notation 1 + pj* = 5= = (1 + py) b

price index at time ¢ can now be written as:

. The aggregate import

1
PM" = / (PM, (i)' =" di
0

b

1 e m
= (=) [ PMA) " i (PR

mb

= (1= ")(E PMea) ™ ™ (PM)' (74)

where
El = (L+p) " (L4 p12))f

Dividing both sides of the equation by PC'; we obtain the relative import price index, first defined
in equation (9):

mb

pmi—
m —o™ 1 — P™
pmy ( (0 )(ft 1t1+pt)

Hence, the average import price at date ¢ is a weighted average of the newly set prices and the
lagged price level. Finally we proxy the cost of imports by the term:

f T fi
rme; = ——,
qepmy
which reflects the assumption that the exporting firms in the rest of the world purchase goods on
world markets at price pz f;.

mb m [ —0
+ (pmt)l

2.7 Net foreign assets

The household’s budget constraint evaluated at a symmetric equilibrium can be found by
substituting the government budget constraint into the household budget constraint:

BF;, BF;
PCtCt -+ PHt[t + — ERt ( ’]“ft 1) Eétl = Wtht + Rtkts + H;} — PHtgt.
Noticing that
v v PX‘/t acv S
I = PHV,y™ + BR Y — Wihy — Rik?,

and substituting the above expression into the budget constraint we obtain:

BF; PX V,
Paq+Pma+E& (1 7%1>E& — PHVy" ERt“ PH,g,.

Using the zero-profit condition of bundlers:

PHVy"™ = PHy! — PMymi"

PXVy
ER, Yy

together with the goods market clearing condition,

PXtytx — Pthltm,

?J? =chy + I + gy,
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we can show that:

BFt BFt—l
P — (1 _
CtCt -+ ERt ( + Tft 1) ERt

Then, using the expression for total consumption expenditure, PC,c, = PHch; + PM;cmy,

= PH,ch, + PXy" — PM,(mil + mi®).

yields the equation for net foreign asset accumulation as a function of interest income, export
supply, and import demand:

BF, BF;_ . .
ERi =(1+rfi) E]t%tl + PXyy? — PM(emy + mil + mil).
In real terms this equation can be rewritten as:
b bfi_ bfi_ - _ -
bt _ f;f + rft_l% + pryy — pmy(emy + mip + miy)
q (1 +p7)a (1 +p; )
nfa; = nfat—1qt—ic + Tft—lnfat—lqt—ilf + preyy
(1+p;)a (1 +p;)a
—pmy(emy + miy + mif). (75)

where nfa;, = % denotes household’s net foreign asset holdings at time ¢. The domestic capital
account by definition equals the change in the net foreign asset position. That is:
di—1
N =nfa1——75—
(I+p)a @ (1 +p1)a
Expression (75) shows that the capital account equals in magnitude and opposite in sign to the
current account, where the current account is defined as the sum of foreign asset returns (the

- nfata

second term on the right-hand side) and net trade (the third term on the right-hand side).

2.8 Model variables

All in all, in the model, we have 38 variables determined during time ¢: phv,, prvs, pxv f;, phy,
PLy, PN, ‘I!i“’, WY, Uey, ¢, chy, emy, Iy, vy, yf”, (T yf, Yy, Ty, mz’?, miy, Wy, e, Ny k7, Kty 24,
MCy, TGt TTGs, MONy, G, bty Pt DIV, pf”f , P, py’. There are 18 state variables that are
predetermined as of time t: ¢;_1, bf;_1, @1, ki—1, ki—2, wi_1, phvi_1, prvfi_1, pmy_1, rgi_1,
Di—1s Pt—2s Pt—3, W1, piffl, pfﬁ{ , P4, 7 fi—1. We treat the share of government expenditure in
domestic output as exogenous. Since domestic economy is a small open economy, the rest of the
world variables are also treated as exogenous: pzx f;, pcfi, p[ , p{ * rf, rrfi, cf;. These 38

endogenous variables are determined by a system of 38 equations shown in Table A.

3 Steady state

In this section, we solve for the steady-state level of the model’s variables as functions of the
model’s parameters. We summarise the model’s steady-state equations in Table B. The
steady-state level of nominal interest rate is determined by the consumption Euler equation (33)

55_1_6

rg —_—.

g
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Without loss of generality, we can set:

pmss — phss'
This implies:
mb
SSs — hSS SS'
pxf b 1 = PR
Then, the expression for consumer price index reduces to:
1 m\o™ m\e™ e ss
L= —[(1=9™)7 + (™) = ph™.

/{:C
If we set k€ = [(1 — ™) + (™)7"] o then we have:

ph** = pm*® = 1.

Further, the money market clearing means that equation (36) can then be restated as:
mon® = K" [U, (1 — 3)]77".
Given the steady-state money holdings, we can solve for the steady-state consumption:

o5 — [monss(l — 6)_00](¢hab_,¢hab0_c_1)

/{mon

(76)

mon

where k°" is a parameter. Using the steady-state versions of equations (12) and (13) and the

expression for k¢ given above we can then solve for steady-state domestic and import
consumption:
(L —gm) e
ch*® = — — 77)
(T =™)™ + (™)
(") e
cm® = - —. (78)
(T =™)™ + (™)

Since ph®® = pm*® = 1, the pricing equation for bundlers that supply to the domestic market
becomes:
1 = k"phv®s + (1 — &™),

which then implies that:
phv*® = 1.

At the steady state, the optimal price charged by producers supplying to the domestic market
reduces to a constant mark-up over marginal cost, where this mark-up is given by:

O.hb

oht — 1"
Then, evaluating equation (57) at the steady state we can solve for the steady-state marginal cost
of producers:

\Ijhv,ss —
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Likewise, at the steady state, the optimal price of producers supplying to the export market is a
constant mark-up over marginal cost, where this mark-up is given by:
zb

o
PrY:ss — )
o — 1
Then, equation (59) implies that:
b hb
ss o o' —1
prv— = (O-J;b—l ) ohb )-

Then, we can solve for the steady-state export price using equation (61):
pr*® = K™ (prv* — 1) + 1.
If we further set ¢ = o®°, we have

prv®® = pr*® = 1.

Now we turn to the export demand equation equation (56). Without loss of generality, we can set
the steady-state consumption in the rest of the world to one, ie cf** = 1. And pm?®® = 1 implies
that world export prices should satisfy:

O_mb
sS __ sSs
pm* = ——paf*.
Then, the export demand equation becomes:
ss __ Hw[ qss ]—O’z
prss
Further, if we set % = 2 (pz f*5)~7", we have:
g =1.

Next we turn to the equation for net foreign asset accumulation at Home equation (75).
Evaluated at the steady state, this equation yields:

nfass — : 6 ﬁ[cmss + mih,ss + mi%ss — y:p,ss]'
Notice that pm*® = pz** = ¢ = 1. Hence, given n fa** we can pin down the current account
position at the steady state. We can rewrite the above equation in terms of domestic demand and
supply. To do this we make use of market clearing conditions in the goods market. First, we note

that the output of producers must be purchased by bundlers equation (67):

yv,ss — yhv,ss + yzv,ss (79)
— yh,ss + yz,ss o (mih,ss =+ mix,ss) (80)
= KMyl ™Y (81)

Likewise, the supply of domestic goods must satisfy the domestic demand equation (68):

yh,ss = ch®® + 58 _‘_gss. (82)
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Finally, the supply of final export goods must satisfy the export demand equation (69):

T,88 — .88

Y

Using these clearing conditions and taking the steady-state government spending to domestic
output ratio as given, § = ¢** /y»*, we obtain:
88 /8 88 Chss + Iss v,88
nfa” = (——=)lem — =y
The right-hand side of the above expression is the net total demand for domestic goods.
Re-arranging we obtain:
hss 58 1—
y’l},SS — CmSS + c +_ _ 5nfa38
l-79 6

Without loss of generality, we can set:
yv,ss =1

Given the steady-state net foreign asset holdings, we can then solve for the steady-state
investment:

ch*® 1-p
I*°=(1-9)[1 —cm® — — + nfa®].
(1-9) =+ fa
Given /°¢ equation (82) provides us with y™*°. We can then solve for:
yhv,ss — I‘ihvyh,ss
mih,ss — (1 o thv)yh,ss.

Moreover, from equation (79) we know that:

Tv,88 __ , V,8S hv,ss
Y =y -y )
which then can be used to solve for:
TV,88
x,88  __ Yy
y - KJJ}’U
mix,ss — (1 _ Kjxv)yx,ss‘

Now, we turn to the factor market. Evaluated at the steady state equation (39) implies that the

rental rate at the steady state is:
¥ =~ 83)

Further, equation (38) tells us that capital at the steady state depreciates at a rate equal to
X +1-— % This then implies:

1
=01+ (84)
g
Additionally, equation (16) evaluated at the steady state implies:
ISS
k¥ = —. 85
5 85)

That is households should keep investing at the rate capital depreciates in order to keep the stock
of capital at its steady-state level. Note that at the steady state the rate of capital utilisation is set
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to one, that is:
2% =1

Hence, the steady-state capital services supplied by households equals the available capital stock,
ks,ss — kss.

Re-arranging the expressions for conditional factor demands equations (42) and (43) and the
expression for the marginal cost of production equation (44), we obtain:

Ss Ss

w o¥-1 1
— (tfp™) % (1 — e 86
e (tfp*) = ( a)(yws) (86)
- (™) ()7 (87)
e oY o o¥
mess p yv,ss

Using equation (87), we can solve the steady-state total factor productivity:

SS
o

)o'yfl (k;“)m

tfp™ = (

Note that y*** =1. Given k** and y"**, shown above, we can use equation (40) evaluated at the

amcss

steady state to solve for the steady-state hours worked:

1 y o¥-1 (6% o¥-1 oY
hss = T — ESS)or oV 1. 88
o () ™~ T )] (88)
Then, equations (86) and (87) can be used to solve for steady-sate wages:
11—« k%5
SSs — S8 = 89
w T ( hss) (89)

Finally, notice that at the steady-state aggregate wage index equals to the optimal wage rate set
by individuals, ie w*® = w**. Then, given w** and h**, equation (25) evaluated at the steady state
provides us with an expression for " that must hold in equilibrium:

w

h h

(Uc,ss)a .

ho o
& _(aw—l

)—ah(hss)—l(wss)a

4 The linearised model

We use standard log-linearisation techniques in order to analyse the dynamics of the model.
Namely, we take a first-order Taylor approximation of the model’s equations around the
non-stochastic steady state. The hat above a variable denotes its percentage deviation from
steady state. The ss in subscript denotes the steady-state level of a variable. The linearised model
equations are shown in Table C and discussed in further detail below.

The consumption equation is given by:

1 whab o whabO'C O,c
Eicipq + Cr1 — 90
1 —l—’(/)hab — ¢habgc tCt+1 ( )

t—1 7Yy
1+ ¢hab . 77Zjhabo,c 1+ whab . 77Dhabo_c
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The equation that governs the accumulation of capital stock, with adjustment costs, is given by:
p P T Bx* .
——— (Eky — K ——— (ko1 — ki —=——F
1—1—36’“( e t>+1+66k( e 2>+x’“(1+ﬁek) s
BO-0) . - L
———Fiph, | — h, —
W BeR) TP T EL BT R+ Be)

ke — ki

g, 91)

The investment equation is given by:

z

A P . R
Iy = 5 (ke = hyy) + o + 1X_ <5 (92)
The optimal utilisation rate of capital is given by:
. L. -
2 = ;(’Ft — phy). (93)

The utilisation rate increases with the rental rate of capital services as it becomes more profitable
to use the existing capital stock more intensively but decreases with the price of investment
goods as it becomes more costly to replace depleted capital.

The domestic producer price inflation equation in the intermediate goods sector (also known as
the New Keynesian Phillips Curve) is given by:

th —1 A~ hv + ﬁ (E - hv -ss) + ehv
= ——————7rmc — — —
th(l + ﬂehv) t 1+ ﬂehv tPrr1 — Dy 1+ BC}W

where e’ = nic, — pﬁvt and p"" — p** are the percentage deviations of real marginal cost and
(gross) domestic intermediate goods producer price inflation from steady state in period ¢,
respectively. We outline the derivation of this expression in Appendix B.

bt — P (Pt — i), (99)

Similarly, the export producer price inflation equation in the intermediate goods sector becomes:

- fss O-mb —1 e 6
= ————————<Trmc P EEme—
p sz(l +ﬁ€m}) t 1 _i_ﬁE:m;

where ric” = riic, — piv, and 7 — pi* = (5 — pI) — (b — %) + (57 — 5) + G — Gir?

61"1}

1 + 56331;

sxvf

P (Bt — ™) + (Br] —pl**), (95)

The import price inflation equation is given by:

s (L= BA—MT B g sy, €
Pemhe = =gyt pem) T B (B =p) 7 + fem

where rﬁzc{ = pi f+ — @+ — pin, is the percentage deviation of the foreign real marginal cost of
production from its steady state in period . We outline the derivation of the expression for
import price inflation in Appendix C.

(P21 —pi%), (96)

9Notice that here we made use of the fact that pzv f; = prveq:.
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Finally, inflation in the final domestic and export goods sector will depend on a weighted average
of producer price and import price inflation as shown below:

R N phvss R L pmss A
pht = K v phss phvt + (]. — K U)met
ss ss
N N pm=—
pr, = K" pv, + (1 — k™) DS pmy

The rigidities in wage-setting lead to the following equation for nominal wage inflation:

. SS __ ¢w[1 — 5(1 — ¢w)] o’y A ﬁ . .55 € . .53
W—p~—~ = —(1 — 1/1w)(1 —|—ﬁ€w) (1—1-;) 1(wt—m7"3t)+m(Etwt+l_p )"‘W(wt_l—p )

We outline the derivation of this expression in Appendix A.

The equations for firms’ demand for labour and capital services are given by:

hy = _%,fuwt + ”Yfft + 9 + (0¥ — 1)tfpt
ke = —AFr AR+ g+ (0¥ — DiEfp,,
where!?
omece
o= oY1 >0
Yoo o[ 0, ]
omc
(Y 11> 0
Ve dhrr ]
omec
ko= g¥1 — >0
Voo o[ o, ]
omc
ko= gV 1> 0.
Vr o[ o7, ]

As the equations show, the demand for labour (capital services) depends negatively (positively)
on the real wage rate of labour, positively (negatively) on the rental rate of capital, positively on
output (with a unit elasticity), and negatively on the total productivity shock. The elasticity of
labour demand (capital services) with respect to wage and rental rate reflects the elasticity of
substitution between labour and capital and the elasticity of marginal cost with respect to wage
and rental rate, respectively.!!

10The log-linearised equation for marginal cost is
(1—a)°? (wssyl—o¥ oY, ss\1—c¥

_ ~ a?’ (r ~
= A=) (we5) -0V 1 qo¥ (ros)i—o¥ Wi + (I—a)o7 (wo5)1—o7 faqo¥ (res)i—o¥ 't
and rental rate.

mc where w®* and r*° are the steady-state wage

Note that fc; =%+ kp_q.

BANK OF ENGLAND Technical Annex to Working Paper No. 380 March 2010 28



The equation for the net foreign asset accumulation is given by:

p 1 y Lo ~ S8 - $S A
nfa, = —nfa*RF, 1+ =[nfa,_; +nfa**§_1—nfa p{ —nfa®q]

B B
4 pmssyac ss<pxt 4 yt ) _ pms (cm + mzh 55 1 mg® ss)pmt _ pmsscmsscmt
ss,.  +h,s L L
— pm®mi™® mzt — pmmi®* mzt,
where RF;_1 = 1 4 rf;_; is the nominal gross interest rate in the rest of the world and

n}at “nfa; —nfa®

p: SS[ A ~ . T 1 - ﬁ ssr. 0 ~ ~ . Y
Zlfat —nfa*[q-1 — G — P{ + nfat—ll = Tnfa [rfiq+ Q-1 — G — p,{ +nfa,
s
+ pxssy:v ss(pxt + yt ) o pms (cm 4 mzh ss + mZI ss>pmt
-h,ss ss L

— pm*emeimy — pm*mu mz — pm>mi” mzt,

where the left-hand side is the capital account (in opposite sign) and the right-hand side is the
current account.'? In the model, movements in the real exchange rate ensure that this expression
holds in equilibrium.

The equation for the real exchange rate is given by:
Gev1 — G+ X"'nfa, = RRF, — RRG,,

where RRF;, = 1+ rrf, and RRG; = 1 + rrg, are the gross real interest rates at Home and in
the rest of the world. This modified version of the real UIP condition says that, for agents to be
indifferent between domestic and foreign bonds, the real interest rate differentials must be equal
to the real depreciation adjusted for the cost associated with holding bonds. When x*/ = 0 this
equation collapses to the standard real UIP condition.

The total consumption expenditure of households is given by:

hSS hSS Cmsspmss

G = C—(ph + cht) (pim, + cing),

CSS

where
chy — cimy = —a™(ph, — pim,).

The imports of intermediate goods that enter the production of domestic and export final goods
are given by:

~.h “hv _ »h
my = Y =Y

~LT o apy A
miy = Y =Y

12Note that RF';—1 = %T}‘tfl'
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The goods market equilibrium is given by:

o¥—1 o¥—1
R N 1—a)(h®) =¥ A a(k®®) o ~
g = tip+ ( 2,(,1 ) — Iy (k) i,
(L= a)(h*s) 7 + a(k*) 7] (L= a)(h*s) o7 + a(k*) 7]
/{thhSS Khv]ss hv ,ss . KTV S8 .
- v,88 Cht+ v,88 It+ vgs gt—'_ v,88 Lt
Yy Yy
— gfv+gfv

The export market clearing conditions is given by:
gf - j:ta

where the demand for domestic exports is given by:

~
A

&y =cf, — 0" (¢ +pr, — prf,).

We specify a VAR (vector autoregressive) process for the foreign variables that enter our model.
Specifically, we estimate a VAR in world demand, cf,, world nominal interest rates, r f,, world
inflation, ]éf , and world relative export prices, pz f,.

The monetary policy reaction function is given by:
rg, =0"rg,  + (1= 07)[0°(pr — p*) + 0 (4 — tfp)] + o™

The monetary authority responds to the deviation of annual inflation from the target and to (a
crude measure of) the output gap. The parameter "9 captures the degree of interest rate
smoothing. 7™ is the i.i.d. normal error term with zero mean and unit variance.

Finally, the model is closed by including the Fisher parity condition to link nominal and real

interest rates:
=)
&4

rg, =17g, + 1
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Appendix A: The derivation of wage Phillips curve in the Calvo model

For details refer to Section 2.1.3. Households set (nominal) wages in staggered contracts as
outlined in Calvo (1983). The optimal wage rate households who reset wages can renegotiate is
given by equation (25). The evolution of the wage index is shown in equation (27). The
log-linearised form of the optimal real wage rate yields:

(1+ )Ry + 1y = = — O, (A-1)
where
- hp1. h41
2 = (1= B0 = Nk = B0 = ) o (Tl = ) € — ]}
HO(L = gMEL,
O = [1=01—9")(Uer + hi) = B(1 = ) {0 [(1 = €)p* + €ty — tipy

—[(1 = €")p™ + €y — praa]} + B(L — )OO,
Substituting in for é;” and OV, equation (A-1) becomes:
O'w ~ N w A w Uw w88 w,: .
(1+ F>R'§U +a, = [1—0(1—=9")|mirs, — (1 —1 )g[(l — €9)p** + €Yy — Wiy

w WY, S8 w, . . w g PWw ~
=B =)L = €)p” + % = Pra] + B = )L+ —5) By + W],
where mrs; = Ul—hfzt — Ucyt. Next, we log-linearise the wage index to obtain:

A X N -1 WSS w,: ;
R?Ewt—wtzw (1 —€")p*® + € y_y — .

ww

Noting that
W1 = Wy + (g1 — P*°) — (Pr1 — P*),
and substituting in for }?ijg” and ]A%fjrl equation (A-1) becomes:

T L IS i P
O T e o

w w

1/ o~ N . .S € . -8
) (mrst—wt)+m(wt+1—p )+m(wt_1—p )
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Appendix B: The derivation of Phillips curve in the Rotemberg model

For details refer to Section 2.2.1. Home producers supplying to the domestic market face
Rotemberg-type costs in adjusting nominal prices as shown in equation (53). This gives rise to an
optimal pricing rule in which the firm charges an endogenous mark-up over marginal costs. This
optimal price and the mark-up are given in equations (57) and (588), respectively. Log-linearising
the pricing equation gives us:

~ ~ hv .
phv, =, + mcy,

or .
wtv = —ric,
where rmcl’ = ;}Lfft is the real marginal cost. Log deviation of zbiw from its steady-state value
satisfies: -
h ~ hv —0 X v ~hv
1/} ”¢ = m(ét - 6£t+1)7
where
~hv
-h hoy,- hv=h
& = P — (1 —e")p” —€"p
~hv
-h hoy,- hv,=h
i1 = Dy — (L—e)p™ — P,
Further, given that the steady-state mark-up satisfies 1" = UZ:; we have:

~ hv __~hv
$ = R B — ) — Bt — ) — G — 5]

Then, using the fact that the log deviation of mark-up is equal to the negative of the log deviation
of real marginal costs we can arrange the above equation to give:
O.hb —1 ﬁ ) as ehv

- hv -85 A~ _hv hv
Pr — P = e TG +W(pt+1—pt)+m

-hv - SS
th(]_ + ﬁGhv) (ptfl — Dy )
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Appendix C: The derivation of Phillips curve in the Calvo model

For details refer to Section 2.6. Import prices are set in Home’s currency and in staggered
contracts as in Calvo (1983). This gives rise to an optimal pricing rule shown in equation (73)
and an import price index shown in equation (74). The log-linearised form of the first-order
condition that governs the optimal import price yields:

R?Eﬁwt—PMt:éT—é;n,

where we use R™ to denote the relative import price of the firm and where:

== =B =) (rine] +ying) + 51— "™ + D+ (€ = D — P+ 5
OF = 1= B —y")(yin,) + B(1 =" ){o™ [Py + (" = Dp™ — "p"] + O}

Subtracting (:);” from é{” we obtain:
= =07 = [L= AL —w"™)lric] + B =P + (€7 = 1P — P + (S — O71)]
This implies:

Ry = (1= B, +B(L="™) [py +(€" = 1)p* —e"p{"+F(1—4"™) Ryl (C-1)

Log-linearising the import price index we obtain:

) wpm —1 m\,-ss m,m -m
R = W[(l —"M)p* + €My — pr'- (C-2)
Substituting (C-2) in (C-1) we have:
-m - 58 1— ﬁ(l B ,wpm) ¢pm N ﬁ -m .58 € -m .58
Py — Dy = [ ] rmc{ + (pt+1 — Py ) + (pt—l — D )

(1= ¢"™)(1 + Bem) 1+ fem 1+ fem

Finally, the log-linearised form of rmc{ is given by:

rinc = prf, — 4 — pin,.
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